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Chapter 1
INTRODUCTION
This design guide is an update to the AISC publication Torsional Analysis of Steel Members and advances further the
work upon which that publication was based: Bethlehem
Steel Company's Torsion Analysis of Rolled Steel Sections

The design examples are generally based upon the provisions of the 1993 AISC LRFD Specification for Structural
Steel Buildings (referred to herein as the LRFD Specifica-

tion). Accordingly, forces and moments are indicated with the
subscript u to denote factored loads. Nonetheless, the information contained in this guide can be used for design according to the 1989 AISC ASD Specification for Structural Steel
Buildings (referred to herein as the ASD Specification) if
service loads are used in place of factored loads. Where this
is not the case, it has been so noted in the text. For single-angle

(Heins and Seaburg, 1963). Coverage of shapes has been
expanded and includes W-, M-, S-, and HP-Shapes, channels
(C and MC), structural tees (WT, MT, and ST), angles (L),
Z-shapes, square, rectangular and round hollow structural
sections (HSS), and steel pipe (P). Torsional formulas for
these and other non-standard cross sections can also be found
in Chapter 9 of Young (1989).
Chapters 2 and 3 provide an overview of the fundamentals
and basic theory of torsional loading for structural steel
members. Chapter 4 covers the determination of torsional
stresses, their combination with other stresses, Specification
provisions relating to torsion, and serviceability issues. The
design examples in Chapter 5 illustrate the design process as
well as the use of the design aids for torsional properties and
functions found in Appendices A and B, respectively. Finally,
Appendix C provides supporting information that illustrates
the background of much of the information in this design
guide.

members, the provisions of the AISC Specification for LRFD
of Single-Angle Members and Specification for ASD of Single-Angle Members are appropriate. The design of curved
members is beyond the scope of this publication; refer to

AISC (1986), Liew et al. (1995), Nakai and Heins (1977),
Tung and Fountain (1970), Chapter 8 of Young (1989),
Galambos (1988), AASHTO (1993), and Nakai and Yoo
(1988).
The authors thank Theodore V. Galambos, Louis F. Geschwindner, Nestor R. Iwankiw, LeRoy A. Lutz, and Donald R.
Sherman for their helpful review comments and suggestions.
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Chapter 2
TORSION FUNDAMENTALS
2.1 Shear Center
The shear center is the point through which the applied loads
must pass to produce bending without twisting. If a shape has
a line of symmetry, the shear center will always lie on that
line; for cross-sections with two lines of symmetry, the shear
center is at the intersection of those lines (as is the centroid).
Thus, as shown in Figure 2.la, the centroid and shear center
coincide for doubly symmetric cross-sections such as W-, M-,
S-, and HP-shapes, square, rectangular and round hollow
structural sections (HSS), and steel pipe (P).
Singly symmetric cross-sections such as channels (C and
MC) and tees (WT, MT, and ST) have their shear centers on
the axis of symmetry, but not necessarily at the centroid. As
illustrated in Figure 2. lb, the shear center for channels is at a
distance eo from the face of the channel; the location of the
shear center for channels is tabulated in Appendix A as well
as Part 1 of AISC (1994) and may be calculated as shown in
Appendix C. The shear center for a tee is at the intersection
of the centerlines of the flange and stem. The shear center
location for unsymmetric cross-sections such as angles (L)
and Z-shapes is illustrated in Figure 2.1c.

bending is accompanied by shear stresses in the plane of the
cross-section that resist the externally applied torsional moment according to the following relationship:

where

resisting moment due to restrained warping of the
cross-section, kip-in,
modulus of elasticity of steel, 29,000 ksi
warping constant for the cross-section, in.4

third derivative of 6 with respect to z
The total torsional moment resisted by the cross-section is the
sum of T, and Tw. The first of these is always present; the
second depends upon the resistance to warping. Denoting the
total torsional resisting moment by T, the following expression is obtained:
(2.3)

Rearranging, this may also be written as:

2.2 Resistance of a Cross-section to a Torsional
Moment
At any point along the length of a member subjected to a
torsional moment, the cross-section will rotate through an
angle as shown in Figure 2.2. For non-circular cross-sections this rotation is accompanied by warping; that is, transverse sections do not remain plane. If this warping is completely unrestrained, the torsional moment resisted by the
cross-section is:

(2.4)

(2.1)

where

resisting moment of unrestrained cross-section, kipin.
shear modulus of elasticity of steel, 11,200 ksi
torsional constant for the cross-section, in.4
angle of rotation per unit length, first derivative of 0
with respect to z measured along the length of the
member from the left support
When the tendency for a cross-section to warp freely is
prevented or restrained, longitudinal bending results. This

Figure 2.1.

An exception to this occurs in cross-sections composed of plate elements having centerlines that intersect at a common point such as a structural tee. For such cross-sections,

3
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where

(2.6)
(2.5)

where
= torque
= the angle of rotation, measured in radians.

2.3 Avoiding and Minimizing Torsion
The commonly used structural shapes offer relatively poor
resistance to torsion. Hence, it is best to avoid torsion by
detailing the loads and reactions to act through the shear
center of the member. However, in some instances, this may
not always be possible. AISC (1994) offers several suggestions for eliminating torsion; see pages 2-40 through 2-42. For
example, rigid facade elements spanning between floors (the
weight of which would otherwise induce torsional loading of
the spandrel girder) may be designed to transfer lateral forces
into the floor diaphragms and resist the eccentric effect as
illustrated in Figure 2.3. Note that many systems may be too
flexible for this assumption. Partial facade panels that do not
extend from floor diaphragm to floor diaphragm may be
designed with diagonal steel "kickers," as shown in Figure
2.4, to provide the lateral forces. In either case, this eliminates
torsional loading of the spandrel beam or girder. Also, torsional bracing may be provided at eccentric load points to
reduce or eliminate the torsional effect; refer to Salmon and
Johnson (1990).
When torsion must be resisted by the member directly, its
effect may be reduced through consideration of intermediate
torsional support provided by secondary framing. For example, the rotation of the spandrel girder cannot exceed the total
end rotation of the beam and connection being supported.
Therefore, a reduced torque may be calculated by evaluating
the torsional stiffness of the member subjected to torsion
relative to the rotational stiffness of the loading system. The
bending stiffness of the restraining member depends upon its
end conditions; the torsional stiffness k of the member under
consideration (illustrated in Figure 2.5) is:

A fully restrained (FR) moment connection between the
framing beam and spandrel girder maximizes the torsional
restraint. Alternatively, additional intermediate torsional supports may be provided to reduce the span over which the
torsion acts and thereby reduce the torsional effect.
As another example, consider the beam supporting a wall
and slab illustrated in Figure 2.6; calculations for a similar
case may be found in Johnston (1982). Assume that the beam

Rev.
3/1/03

H

H

Figure 2.3.

Figure 2.2.

Figure 2.4.
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2.4 Selection of Shapes for Torsional Loading
In general, the torsional performance of closed cross-sections
is superior to that for open cross-sections. Circular closed
shapes, such as round HSS and steel pipe, are most efficient
for resisting torsional loading. Other closed shapes, such as
square and rectangular HSS, also provide considerably better
resistance to torsion than open shapes, such as W-shapes and
channels. When open shapes must be used, their torsional
resistance may be increased by creating a box shape, e.g., by
welding one or two side plates between the flanges of a
W-shape for a portion of its length.

alone resists the torsional moment and the maximum rotation
of the beam due to the weight of the wall is 0.01 radians.

Without temporary shoring, the top of the wall would deflect
3
laterally by nearly /4-in. (72 in. x 0.01 rad.). The additional
load due to the slab would significantly increase this lateral
deflection. One solution to this problem is to make the beam
and wall integral with reinforcing steel welded to the top
flange of the beam. In addition to appreciably increasing the
torsional rigidity of the system, the wall, because of its
bending stiffness, would absorb nearly all of the torsional
load. To prevent twist during construction, the steel beam
would have to be shored until the floor slab is in place.

Figure 2.5.

Figure 2.6.
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Chapter 3
GENERAL TORSIONAL THEORY
A complete discussion of torsional theory is beyond the scope
of this publication. The brief discussion that follows is intended primarily to define the method of analysis used in this
book. More detailed coverage of torsional theory and other
topics is available in the references given.

C and Heins (1975). Values for and
which are used to
compute plane bending shear stresses in the flange and edge
of the web, are also included in the tables for all relevant
shapes except Z-shapes.
The terms J, a, and
are properties of the entire crosssection. The terms
and vary at different points on the
cross-section as illustrated in Appendix A. The tables give all

3.1 Torsional Response
From Section 2.2, the total torsional resistance provided by a
structural shape is the sum of that due to pure torsion and that
due to restrained warping. Thus, for a constant torque T along
the length of the member:

values of these terms necessary to determine the maximum
values of the combined stress.
3.2.1

Torsional Constant J

The torsional constant J for solid round and flat bars, square,
rectangular and round HSS, and steel pipe is summarized in
Table 3.1. For open cross-sections, the following equation
may be used (more accurate equations are given for selected

(3.1)
where
shear modulus of elasticity of steel, 11,200 ksi
torsional constant of cross-section, in.4

shapes in Appendix C.3):

modulus of elasticity of steel, 29,000 ksi
warping constant of cross-section, in.6

(3.4)

For a uniformly distributed torque t:

where

length of each cross-sectional element, in.
thickness of each cross-sectional element, in.

(3.2)
For a linearly varying torque
3.2.2

(3.3)

Other Torsional Properties for Open Cross-Sections 2

For rolled and built-up I-shapes, the following equations may
be used (fillets are generally neglected):

where
maximum applied torque at right support, kip-in./ft

(3.5)

distance from left support, in.
span length, in.
(3.6)

In the above equations,
and
are the first,
second, third, and fourth derivatives of 9 with respect to z and
is the total angle of rotation about the Z-axis (longitudinal
axis of member). For the derivation of these equations, see

(3.7)

Appendix C.1.
(3.8)

3.2 Torsional Properties
Torsional properties J, a,
and are necessary for the
solution of the above equations and the equations for torsional
stress presented in Chapter 4. Since these values are dependent only upon the geometry of the cross-section, they have
been tabulated for common structural shapes in Appendix A
as well as Part 1 of AISC (1994). For the derivation of
torsional properties for various cross-sections, see Appendix
2 For

(3.9)
(3.10)

where

shapes with sloping-sided flanges, sloping flange elements are simplified into rectangular elements of thickness equal to the average thickness of the flange.
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Table 3.1
Torsional Constants J

(3.14)

Solid Cross-Sections

(3.15)
(3.16)
(3.17)
(3.18)
Closed Cross-Sections

where, as illustrated in Figure 3.1:
(3.19)

(3.20)
(3.21)
(3.22)
For Z-shapes:
(3.23)

(3.24)
(3.25)
(3.26)
Note: tabulated values for HSS in Appendix A differ slightly because the
effect of corner radii has been considered.

(3.27)

(3.11)
For channels, the following equations may be used:

(3.12)

(3.13)

Figure 3.1.
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(3.36)

(3.28)
where, as illustrated in Figure 3.2:

3.3 Torsional Functions
In addition to the torsional properties given in Section 3.2
above, the torsional rotation 0 and its derivatives are necessary for the solution of equations 3.1, 3.2, and 3.3. In Appendix B, these equations have been evaluated for twelve common combinations of end condition (fixed, pinned, and free)
and load type. Members are assumed to be prismatic. The
idealized fixed, pinned, and free torsional end conditions, for
which practical examples are illustrated in Figure 3.3, are
defined in Appendix C.2.
The solutions give the rotational response and derivatives
along the span corresponding to different values of
the
ratio of the member span length l to the torsional property a
of its cross-section. The functions given are non-dimensional,
that is, each term is multiplied by a factor that is dependent
upon the torsional properties of the member and the magnitude of the applied torsional moment.
For each case, there are four graphs providing values of ,
and
Each graph shows the value of the torsional
functions (vertical scale) plotted against the fraction of the
span length (horizontal scale) from the left support. Some of
the curves have been plotted as a dotted line for ease of
reading. The resulting equations for each of these cases are
given in Appendix C.4.

(3.29)

(3.30)
(3.31)
(3.32)

For single-angles and structural tees, J may be calculated
using Equation 3.4, excluding fillets. For more accurate equations including fillets, see El Darwish and Johnston (1965).
Since pure torsional shear stresses will generally dominate
over warping stresses, stresses due to warping are usually
neglected in single angles (see Section 4.2) and structural tees
(see Section 4.3); equations for other torsional properties
have not been included. Since the centerlines of each element
of the cross-section intersect at the shear center, the general
solution of Appendix C3.1 would yield
0. A value of a (and therefore
is required, however, to
determine the angle of rotation using the charts of Appendix B.
(3.33)
For single angles, the following formulas (Bleich, 1952) may
be used to determine Cw:
(3.34)

where and are the centerline leg dimensions (overall leg
dimension minus half the angle thickness t for each leg). For
structural tees:

(3.35)
where

Figure 3.2,

Figure 3.3.
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Chapter 4
ANALYSIS FOR TORSION
4.1.2

In this chapter, the determination of torsional stresses and
their combination with stresses due to bending and axial load
is covered for both open and closed cross-sections. The AISC

Shear Stresses Due to Warping

When a member is allowed to warp freely, these shear stresses
will not develop. When warping is restrained, these are inplane shear stresses that are constant across the thickness of
an element of the cross-section, but vary in magnitude along
the length of the element. They act in a direction parallel to
the edge of the element. The magnitude of these stresses is
determined by the equation:

Specification provisions for the design of members subjected
to torsion and serviceability considerations for torsional rotation are discussed.

4.1 Torsional Stresses on I-, C-, and Z-shaped Open
Cross-Sections
Shapes of open cross-section tend to warp under torsional
loading. If this warping is unrestrained, only pure torsional
stresses are present. However, when warping is restrained,
additional direct shear stresses as well as longitudinal stresses
due to warping must also be considered. Pure torsional shear
stresses, shear stresses due to warping, and normal stresses
due to warping are each related to the derivatives of the
rotational function
Thus, when the derivatives of are
determined along the girder length, the corresponding stress
conditions can be evaluated. The calculation of these stresses
is described in the following sections.

GENERAL ORIENTATION FIGURE

4.1.1 Pure Torsional Shear Stresses
These shear stresses are always present on the cross-section
of a member subjected to a torsional moment and provide the
resisting moment as described in Section 2.2. These are

in-plane shear stresses that vary linearly across the thickness
of an element of the cross-section and act in a direction

parallel to the edge of the element. They are maximum and
equal, but of opposite direction, at the two edges. The maximum stress is determined by the equation:

(4.1)
where

pure torsional shear stress at element edge, ksi
shear modulus of elasticity of steel, 11,200 ksi
thickness of element, in.
rate of change of angle of rotation first derivative
of with respect to z (measured along longitudinal
axis of member)
The pure torsional shear stresses will be largest in the thickest
elements of the cross-section. These stress states are illustrated in Figures 4. 1b, 4.2b, and 4.3b for I-shapes, channels,
and Z-shapes.

Figure 4.1.
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(4.3b)

(4-2a)
where

where

shear stress at point s due to warping, ksi
modulus of elasticity of steel, 29,000 ksi
warping statical moment at point s (see Appendix A),
in.4

bending moment on the flange at any point along the
length.

thickness of element, in.
third derivative of with respect to z

4.2 Torsional Stress on Single-Angles
Single-angles tend to warp under torsional loading. If this
warping is unrestrained, only pure torsional shear stresses
develop. However, when warping is restrained, additional
direct shear stresses as well as longitudinal stress due to
warping are present.
Pure torsional shear stress may be calculated using Equation 4.1. Gjelsvik (1981) identified that the shear stresses due
to warping are of two kinds: in-plane shear stresses, which
vary from zero at the toe to a maximum at the heel of the
angle; and secondary shear stresses, which vary from zero at
the heel to a maximum at the toe of the angle. These stresses
are illustrated in Figure 4.5.
Warping strengths of single-angles are, in general, relatively small. Using typical angle dimensions, it can be shown
that the two shear stresses due to warping are of approximately the same order of magnitude, but represent less than
20 percent of the pure torsional shear stress (AISC, 1993b).
When all the shear stresses are added, the result is a maximum
surface shear stress near mid-length of the angle leg. Since
this is a local maximum that does not extend through the
thickness of the angle, it is sufficient to ignore the shear
stresses due to warping. Similarly, normal stresses due to
warping are considered to be negligible.
For the design of shelf angles, refer to Tide and Krogstad
(1993).

These stress states are illustrated in Figures 4.1c, 4.2c, and
4.3c for I-shapes, channels, and Z-shapes. Numerical subscripts are added to represent points of the cross-section as
illustrated.

4.1.3

Normal Stresses Due to Warping

When a member is allowed to warp freely, these normal
stresses will not develop. When warping is restrained, these
are direct stresses (tensile and compressive) resulting from
bending of the element due to torsion. They act perpendicular
to the surface of the cross-section and are constant across the
thickness of an element of the cross-section but vary in
magnitude along the length of the element. The magnitude of
these stresses is determined by the equation:
(4.3a)
where
normal stress at point s due to warping, ksi

modulus of elasticity of steel, 29,000 ksi
normalized warping function at point s (see Appendix A), in.2
second derivative of with respect to z
These stress states are illustrated in Figures 4.1d, 4.2d, and
4.3d for I-shapes, channels, and Z-shapes. Numerical subscripts are added to represent points of the cross-section as

4.3 Torsional Stress on Structural Tees
Structural tees tend to warp under torsional loading. If this
warping is unrestrained, only pure torsional shear stresses
develop. However, when warping is restrained, additional
direct shear stresses as well as longitudinal or normal stress
due to warping are present. Pure torsional shear stress may be
calculated using Equation 4.1. Warping stresses of structural
tees are, in general, relatively small. Using typical tee dimensions, it can be shown that the shear and normal stresses due
to warping are negligible.

illustrated.

4.1.4 Approximate Shear and Normal Stresses Due to
Warping on I-Shapes

The shear and normal stresses due to warping may be approximated for short-span I-shapes by resolving the torsional moment T into an equivalent force couple acting at the flanges
as illustrated in Figure 4.4. Each flange is then analyzed as a
beam subjected to this force. The shear stress at the center of
the flange is approximated as:

4.4 Torsional Stress on Closed and Solid
Cross-Sections
Torsion on a circular shape (hollow or solid) is resisted by
shear stresses in the cross-section that vary directly with
distance from the centroid. The cross-section remains plane
as it twists (without warping) and torsional loading develops
pure torsional stresses only. While non-circular closed cross-

(4.2b)
where

is the value of the shear in the flange at any point
along the length. The normal stress at the tips of the flange is
approximated as:

12
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Table 4.1

(4.4)

Shear Stress Due to St. Venant's Torsion
Solid Cross-Sections

where
area enclosed by shape, measured to centerline of
thickness of bounding elements as illustrated in Figure 4.7, in.2
thickness of bounding element, in.
For solid round and flat bars, square, rectangular and round
HSS and steel pipe, the torsional shear stress may be calculated using the equations given in Table 4.1. Note that the
equation for the hollow circular cross-section in Table 4.1 is
not in a form based upon Equation 4.4 and is valid for any
wall thickness.

Closed Cross-Sections

4.5 Elastic Stresses Due to Bending and Axial Load
In addition to the torsional stresses, bending and shear stresses
and
respectively) due to plane bending are normally
present in the structural member. These stresses are determined by the following equations:
(4.5)
(4.6)

where
normal stress due to bending about either the x or y
axis, ksi
bending moment about either the x or y axis, kip-in.
3
elastic section modulus, in.
shear stress due to applied shear in either x or y
direction, ksi
shear in either x or y direction, kips
for the maximum shear stress in the flange
for the maximum shear stress in the web.
moment of inertia or in.4
thickness of element, in.
The value of computed using from Appendix A is the
theoretical value at the center of the flange. It is within the
accuracy of the method presented herein to combine this
theoretical value with the torsional shearing stress calculated
for the point at the intersection of the web and flange centerlines.
Figure 4.8 illustrates the distribution of these stresses,
shown for the case of a moment causing bending about the
major axis of the cross-section and shear acting along the
minor axis of the cross-section. The stress distribution in the
Z-shape is somewhat complicated because the major axis is
not parallel to the flanges.
Axial stress may also be present due to an axial load P.

sections tend to warp under torsional loading, this warping is
minimized since longitudinal shear prevents relative displacement of adjacent plate elements as illustrated in Figure 4.6.
The analysis and design of thin-walled
closed
cross-sections for torsion is simplified with the assumption
that the torque is absorbed by shear forces that are uniformly
distributed over the thickness of the element (Siev, 1966). The
general torsional response can be determined from Equation
3.1 with the warping term neglected. For a constant torsional
moment T the shear stress may be calculated as:
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This stress may be tensile or compressive and is determined
by the following equation:

1. members for which warping is unrestrained
2. single-angle members
3. structural tee members

(4.7)

In the foregoing, it is imperative that the direction of the
stresses be carefully observed. The positive direction of the
torsional stresses as used in the sign convention presented
herein is indicated in Figures 4.1, 4.2, and 4.3. In the sketches
accompanying each figure, the stresses are shown acting on
a cross-section of the member located at distance z from the
left support and viewed in the direction indicated in Figure
4.1. In all of the sketches, the applied torsional moment acts
at some arbitrary point along the member in the direction
indicated. In the sketches of Figure 4.8, the moment acts about
the major axis of the cross-section and causes compression in
the top flange. The applied shear is assumed to act vertically
downward along the minor axis of the cross-section.
For I-shapes,
and are both at their maximum values
at the edges of the flanges as shown in Figures 4.1 and 4.8.
Likewise, there are always two flange tips where these
stresses add regardless of the directions of the applied torsional moment and bending moment. Also for I-shapes, the
maximum values of
and in the flanges will always
add at some point regardless of the directions of the applied
torsional moment and vertical shear to give the maximum

where
normal stress due to axial load, ksi
axial load, kips
2
area, in.
4.6 Combining Torsional Stresses With Other Stresses
4.6.1

Open Cross-Sections

To determine the total stress condition, the stresses due to
torsion are combined algebraically with all other stresses
using the principles of superposition. The total normal stress
is:
(4.8a)
and the total shear stress fv, is:
(4.9a)
As previously mentioned, the terms
as zero in the following cases:

and

may be taken

Figure 4.2.

Figure 4.3.
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shear stress in the flange. For the web, the maximum value of
adds to the value of in the web, regardless of the direction

(4.10)

In the above equation,

of loading, to give the maximum shear stress in the web. Thus,
for I-shapes, Equations 4.8a and 4.9a may be simplified as
follows:

(4.11)

(4.8b)

where

Av = total web area for square and rectangular HSS and
half the cross-sectional area for round HSS and steel
pipe.

(4.9b)

For channels and Z-shapes, generalized rules cannot be given
for the determination of the magnitude of the maximum
combined stress. For shapes such as these, it is necessary to
consider the directions of the applied loading and to check the
combined stresses at several locations in both the flange and
the web.
Determining the maximum values of the combined stresses
for all types of shapes is somewhat cumbersome because the
stresses
and are not all at their maximum
values at the same transverse cross-section along the length
of the member. Therefore, in many cases, the stresses should
be checked at several locations along the member.
4.6.2

4.7 Specification Provisions
4.7.1

Load and Resistance Factor Design (LRFD)

In the following, the subscript u denotes factored loads.
LRFD Specification Section H2 provides general criteria for

members subjected to torsion and torsion combined with
other forces. Second-order amplification (P-delta) effects, if
any, are presumed to already be included in the elastic analysis from which the calculated stresses
and
were determined.
For the limit state of yielding under normal stress:

Closed Cross-Sections

(4.12)

For closed cross-sections, stresses due to warping are either
not induced3 or negligible. Torsional loading does, however,
cause shear stress, and the total shear stress is:

For the limit state of yielding under shear stress:
(4.13)

For the limit state of buckling:
(4.14)
or
(4.15)
as appropriate. In the above equations,

= yield strength of steel, ksi
= critical buckling stress in either compression (LRFD

(a) shear stresses due to
pure torsion

Figure 4.5.

Figure 4.4.
3

(b) in-plane shear
stresses due to
warping

For a circular shape or for a non-circular shape for which warping is unrestrained, warping does not occur, i.e.,

and

are equal to zero.
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(c) secondary shear

stresses due to
warping

In the above equations,

Specification Chapter E) or shear (LRFD Specification Section F2), ksi
0.90
0.85

compressive critical stress for flexural or flexural-torsional member buckling from LRFD Specification
Chapter E
term), ksi; critical flexural stress controlled by yielding, lateral-torsional buckling (LTB),

When it is unclear whether the dominant limit state is yielding, buckling, or stability, in a member subjected to combined
forces, the above provisions may be too simplistic. Therefore,
the following interaction equations may be useful to conservatively combine the above checks of normal stress for the
limit states of yielding (Equation 4.12) and buckling (Equation 4.14). When second order effects, if any, are considered
in the determination of the normal stresses:

web local buckling (WLB), or flange local buckling
(FLB) from LRFD Specification Chapter F
term)
factored axial force in the member (kips)
elastic (Euler) buckling load.
Shear stresses due to combined torsion and flexure may be
checked for the limit state of yielding as in Equation 4.13.
Note that a shear buckling limit state for torsion (Equation

4.15) has not yet been defined.
For single-angle members, see AISC (1993b). A more
advanced analysis and/or special design precautions are suggested for slender open cross-sections subjected to torsion.

(4.16a)

If second order effects occur but are not considered in determining the normal stresses, the following equation must be
used:

4.7.2 Allowable Stress Design (ASD)
Although not explicitly covered in the ASD Specification, the
design for the combination of torsional and other stresses in
ASD can proceed essentially similarly to that in LRFD,
except that service loads are used in place of factored loads.
In the absence of allowable stress provisions for the design of

members subjected to torsion and torsion combined with
other forces, the following provisions, which parallel the
LRFD Specification provisions above, are recommended.
Second-order amplification (P-delta) effects, if any, are presumed to already be included in the elastic analysis from
which the calculated stresses

(4.16b)

were determined.

For the limit state of yielding under normal stress:
(4.17)

For the limit state of yielding under shear stress:
(4.18)

Figure 4.7.

Figure 4.6.
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For single-angle members, see AISC (1989b). A more
advanced analysis and/or special design precautions are suggested for slender open cross-sections subjected to torsion.

For the limit state of buckling:
(4.19)
or

4.7.3

(4.20)

Effect of Lateral Restraint at Load Point

Chu and Johnson (1974) showed that for an unbraced beam
subjected to both flexure and torsion, the stress due to warping

as appropriate. In the above equations,

is magnified for a W-shape as its lateral-torsional buckling
strength is approached; this is analogous to beam-column
behavior. Thus, if lateral displacement or twist is not restrained at the load point, the secondary effects of lateral
bending and warping restraint stresses may become significant and the following additional requirement is also conservatively suggested.
For the LRFD Specification provisions of Section 4.7.1,
amplify the minor-axis bending stress
and the warping

yield strength of steel, ksi
allowable buckling stress in compression (ASD
Specification Chapter E), ksi
allowable bending stress (ASD Specification Chapter F), ksi
allowable buckling stress in shear (ASD Specification Section F4), ksi
When it is unclear whether the dominant limit state is yielding, buckling, or stability, in a member subjected to combined
forces, the above provisions may be too simplistic. Therefore,
the following interaction equations may be useful to conservatively combine the above checks of normal stress for the

normal stress

by the factor
(4.22)

where
is the elastic LTB stress (ksi), which can be derived
for W-shapes from LRFD Specification Equation Fl-13. For
the ASD Specification provisions of Section 4.7.2, amplify
the minor-axis bending stress
and the warping normal

limit states of yielding (Equation 4.17) and buckling (Equation 4.19). When second order effects, if any, are considered
in determining the normal stresses:

stress

(4.2 la)

by the factor

If second order effects occur but are not considered in determining the normal stresses, the following equation must be
used:

(4.21b)

In the above equations,

allowable axial stress (ASD Specification Chapter
E),ksi
allowable bending stress controlled by yielding,
lateral-torsional buckling (LTB), web local buckling (WLB), or flange local buckling (FLB) from
ASD Specification Chapter F, ksi
axial stress in the member, ksi
elastic (Euler) stress divided by factor of safety (see
ASD Specification Section H1).

Shear stresses due to combined torsion and flexure may be
checked for the limit state of yielding as in Equation 4.18. As
with LRFD Specification provisions, a shear buckling limit
state for torsion has not yet been defined.

Figure 4.8.
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differ from that for a member supporting a curtain-wall system. Therefore, the rotation limit must be selected based upon
the requirements of the intended application.
Whether the design check was determined with factored
loads and LRFD Specification provisions, or service loads
and ASD Specification provisions, the serviceability check of
should be made at service load levels (i.e., against Unfactored torsional moment).The design aids of Appendix B as
well as the general equations in Appendix C are required for
the determination of

(4.23)

where
is the elastic LTB stress (ksi), given for W-shapes,
by the larger of ASD Specification Equations F1-7 and F1-8.
4.8 Torsional Serviceability Criteria
In addition to the strength provisions of Section 4.7, members
subjected to torsion must be checked for torsional rotation
The appropriate serviceability limitation varies; the rotation
limit for a member supporting an exterior masonry wall may

18
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Chapter 5
DESIGN EXAMPLES
Example 5.1
As illustrated in Figure 5.1a, a W10x49 spans 15 ft (180 in.)
and supports a 15-kip factored load (10-kip service load) at
midspan that acts at a 6 in. eccentricity with respect to the
shear center. Determine the stresses on the cross-section and
the torsional rotation.

(4.5)

= 12.4 ksi (compression at top; tension at bottom)

Given:
The end conditions are assumed to be flexurally and torsionally pinned. The eccentric load can be resolved into a torsional
moment and a load applied through the shear center as shown
in Figure 5.lb. The resulting flexural and torsional loadings
are illustrated in Figure 5.1c. The torsional properties are as
follows:

(4.6)

(4.6)

For this loading, stresses are constant from the support to the
load point.

The flexural properties are as follows:

Solution:
Calculate Bending Stresses

Figure 5.1.
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Calculate Torsional Stresses

The shear stress due to warping is:
(4.2a)

The following functions are taken from Appendix B, Case 3,
with
0.5:

At midspan

At midspan,

0.5)

At the support,

The normal stress due to warping is:
(4.3a)
At midspan,

At the support, since

Calculate Combined Stress
Summarizing stresses due to flexure and torsion:

In the above calculations (note that the applied torque is
negative with the sign convention used in this book):

Thus, as illustrated in Figure 5.2, it can be seen that the
maximum normal stress occurs at midspan in the flange at the
left side tips of the flanges when viewed toward the left
support and the maximum shear stress occurs at the support
in the middle of the flange.

The shear stress due to pure torsion is:
(4.1)

At midspan, since

At the support, for the web,

Calculate Maximum Rotation
The maximum rotation occurs at midspan. The service-load
torque is:

and for the flange,
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Calculate Combined Stress
(4.10)

and the maximum rotation is:

Calculate Maximum Rotation

From Example 5.1,

Example 5.2
Repeat Example 5.1 for a
Compare
the magnitudes of the resulting stresses and rotation with

those determined in Example 5.1.
Given:

Comparing the magnitudes of the maximum stresses and
rotation for this HSS with those for the W-shape of Example 5.1:

Solution:

Calculate Bending Stresses
From Example 5.1,

(4.5)

(4.11)

(4.4)

Figure 5.2.
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= 9,910kip-in./rad.
Determine Torsional Stiffness of Beam
From Example 5.1,
Thus, stresses and rotation are significantly reduced in comparable closed sections when torsion is a major factor.
Example 5.3
Repeat Example 5.1 assuming the concentrated force is introduced by a W6x9 column framed rigidly to the W10x49 beam
as illustrated in Figure 5.3. Assume the column is 12 ft long
with its top a pinned end and a floor diaphragm provides
lateral restraint at the load point. Compare the magnitudes of
the resulting stresses and rotation with those determined in
Examples 5.1 and 5.2.
Determine Distribution of Moment

Given:
For the W10X49 beam:
For the W6x9 column:

Thus, the torsional moment on the beam has been reduced
from 90 kip-in. to 8.1 kip-in. The column must be designed
for an axial load of 15 kips plus an end-moment of 81.9 kip-in.
The beam must be designed for the torsional moment of 8.1
kip-in., the 15-kip force from the column axial load, and a
lateral force Puy due to the horizontal reaction at the bottom of
the column, where

Solution:
In this example, the torsional restraint provided by the rigid
connection joining the beam and column will be utilized.
Determine Flexural Stiffness of Column

Calculate Bending Stresses
From Example 5.1,

In the weak axis,

Figure 5.3.
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that used in Example 5.1, the maximum rotation, which
occurs at midspan, is also reduced to 9 percent of that calculated in Example 5.1 or:

Comments
Comparing the magnitudes of the stresses and rotation for this

case with that of Example 5.1:
(4.5)

W10x49
unrestrained
40.4 ksi
11.4 ksi
0.062 rad.

(4.2b)

Calculate Torsional Stress

Since the torsional moment has been reduced to 9 percent of
that used in Example 5.1, the torsional stresses are also

reduced to 9 percent of those calculated in Example 5.1. These
stresses are summarized below.
Calculate Combined Stress
Summarizing stresses due to flexure and torsion

As before, the maximum normal stress occurs at midspan in
the flange. In this case, however, the maximum shear stress
occurs at the support in the web.
Calculate Maximum Rotation

Since the torsional moment has been reduced to 9 percent of

Figure 5.4.
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W10x49
restrained
16.3 ksi
3.00 ksi
0.0056 rad.

Thus, consideration of available torsional restraint significantly reduces the torsional stresses and rotation.

(3.5)

Example 5.4
The welded plate-girder shown in Figure 5.4a spans 25 ft (300
in.) and supports 310-kip and 420-kip factored loads (210-kip
and 285-kip service loads). As illustrated in Figure 5.4b, these
concentrated loads are acting at a 3-in. eccentricity with
respect to the shear center. Determine the stresses on the
cross-section and the torsional rotation.

(3.6)

Given:
The end conditions are assumed to be flexurally and torsionally pinned.

Solution:
Calculate Cross-Sectional Properties

(3.7)

(3.8)

(3.9)

(3.10)
Calculate Torsional Properties

(3.4)

Calculate Bending Stresses
By inspection, points D and E are most critical. At point D:
(4.5)

(3.11)

= 26.6 ksi (compression at top; tension at bottom)
At point
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Between points D and E:
(4.6)

At point E

(4.6)

For this loading, shear stresses are constant from point D to
point E.
Calculate Torsional Stresses

The shear stress due to pure torsion is calculated as:
(4.1)

and the stresses are as follows:

The effect of each torque at points D and E will be determined
individually and then combined by superposition.
Use Case 3 with
0.3 (The effects of each load are added
by superposition).

The shear stress due to warping is calculated as:

(4.2a)
At point D,

At point E,

The normal stress due to warping is calculated as:

(4.3a)

25

© 2003 by American Institute of Steel Construction, Inc. All rights reserved.
This publication or any part thereof must not be reproduced in any form without permission of the publisher.

from the left end of the beam (point A). At this location,

At point D,

The service-load torques are:

Calculate Combined Stress
Summarizing stresses due to flexure and torsion:

The maximum rotation is:

Example 5.5
The MCl8x42.7 channel illustrated in Figure 5.5a spans 12
ft (144 in.) and supports a uniformly distributed factored load
of 3.6 kips/ft (2.4 kips/ft service load) acting through the
centroid of the channel. Determine the stresses on the crosssection and the torsional rotation,

Thus, it can be seen that the maximum normal stress occurs
at point D in the flange and the maximum shear stress occurs
at point E (the support) in the web.

Given:
The end conditions are assumed to be flexurally and torsionally fixed. The eccentric load can be resolved into a torsional
moment and a load applied through the shear center as shown
in Figure 5.5b. The resulting flexural and torsional loadings

Calculate Maximum Rotation
From Appendix B, Case 3 with a = 0.3, it is estimated that
the maximum rotation will occur at approximately 14½ feet

are illustrated in Figure 5.5c. The torsional properties are as
follows:

Figure 5.5.
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Solution:
From the graphs for Case 7 in Appendix B, the extreme values
of the torsional functions are located at values of 0, 0.2,
0.5, and 1.0. Thus, the stresses at the supports
and
and midspan
are of interest.

Calculate Bending Stresses
At the support:

(4.6)

(4.6)
(4.5)

Since
is maximum at the support, its value at
well as the value of
is not necessary.

(4.6)

as

Calculate Torsional Stresses

= (3.6 kips/ft)(1.85in.)
= 6.66 kip-in./ft

The following functions are taken from Appendix B, Case 7:

(4.6)

(4.5)
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At midspan

In the above calculations:

The normal stress at point s due to warping is:
The shear stress due to pure torsion is:

At the support,

At the support, and at midspan, since
for the web,

and for the flange,

At midspan,

The shear stress at point s due to warping is:

(Refer to Figure 5.5d or Appendix A for locations of critical
points s)
At midspan, since
At the support,
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= 0.012 rad.

Calculate Combined Stress

Summarizing stresses due to flexure and torsion:

Example 5.6
As illustrated in Figure 5.6a, a 3x3x½ single angle is cantilevered 2 ft (24 in.) and supports a 2-kip factored load (1.33-kip
service load) at midspan that acts as shown with a 1.5-in.
eccentricity with respect to the shear center. Determine the
stresses on the cross-section, the torsional rotation, and if the
member is adequate if Fy = 50 ksi.

Given:
The end condition is assumed to be flexurally and torsionally
fixed. The eccentric load can be resolved into a torsional
moment and a load applied through the shear center as shown
in Figure 5.6b. The resulting flexural and torsional loadings
are illustrated in Figure 5.6c. The flexural and torsional
properties are as follows:

Solution:
Check Flexure

Since the stresses due to warping of single-angle members are
negligible, the flexural design strength will be checked according to the provisions of the AISC Specification for LRFD
of Single Angle Members (AISC, 1993b).
Thus, it can be seen that the maximum normal stress (tension)

occurs at the support at point 2 in the the flange and the
maximum shear stress occurs at
at point 3 in the
web.
Calculate Maximum Rotation
The maximum rotation occurs at midspan. The service-load
distributed torque is:

and the maximum rotation is:

Figure 5.6.
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With the tip of the vertical angle leg in compression, local
buckling and lateral torsional buckling must be checked. The
following checks are made for bending about the geometric
axes (Section 5.2.2).
For local buckling (Section 5.1.1),

Check Shear Due to Flexure and Torsion

The shear stress due to flexure is,

The total shear stress is,

From LRFD Single-Angle Specification Section 3,

Calculate Maximum Rotation

The maximum rotation will occur at the free end of the
cantilever. The service-load torque is:

Example 5.7
The crane girder and loading illustrated in Figure 5.7 is taken
from Example 18.1 of the AISC Design Guide Industrial
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Buildings: Roofs to Column Anchorage (Fisher, 1993). Use
the approximate approach of Section 4.1.4 to calculate the
maximum normal stress on the combined section. Determine
if the member is adequate if Fy = 36 ksi.

Calculate Normal Stress due to Warping

Given:
For the strong-axis direction:

From Section 4.1.4, the normal stress due to warping may be
approximated as:
(4.3b)

Note that the subscripts 1 and 2 indicate that the section
modulus is calculated relative to the bottom and top, respectively, of the combined shape. For the channel/top flange
assembly:

Calculate Total Normal Stress

38.9 kip-ft (weak-axis bending moment on top
flange assembly)
3
50.3 in.

(4.8a)

Note that the subscript t indicates that the section modulus is
calculated based upon the properties of the channel and top
flange area only.

Solution:
Calculate Normal Stress Due to Strong-Axis Bending
(4.5)

Comments
Since it is common practice in crane-girder design to assume
that the lateral loads are resisted only by the top flange
assembly, the approximate solution of Section 4.1.4 is extremely useful for this case.

(4.5)
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Appendix A
TORSIONAL PROPERTIES

W-, M-, S-, and HP-Shapes

Torsional Properties

Statical Moments

Shape
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W-, M-, S-, and HP-Shapes

Torsional Properties

Statical Moments

Shape
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W-, M-, S-, and HP-Shapes

Torsional Properties

Statical Moments

Shape
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W-, M-, S-, and HP-Shapes

Torsional Properties

Statical Moments

Shape
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W-, M-, S-, and HP-Shapes

Torsional Properties

Statical Moments

Shape
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W-, M-, S-, and HP-Shapes

Torsional Properties

Statical Moments

Shape
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W-, M-, S-, and HP-Shapes

Torsional Properties

Statical Moments

Shape
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W-, M-, S-, and HP-Shapes

Torsional Properties

Statical Moments

Shape
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W-, M-, S-, and HP-Shapes

Torsional Properties

Statical Moments

Shape
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C- and MC-Shapes

Torsional Properties

Shape
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Statical Moments

C- and MC-Shapes

Torsional Properties
Shape
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Statical Moments

WT-, MT-, and ST-Shapes

WT-, MT-, and ST-Shapes

Torsional Properties

Torsional Properties

Shape

Shape

44

© 2003 by American Institute of Steel Construction, Inc. All rights reserved.
This publication or any part thereof must not be reproduced in any form without permission of the publisher.

WT-, MT-, and ST-Shapes

WT-, MT-, and ST-Shapes

Torsional Properties

Torsional Properties

Shape

Shape
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WT-, MT-, and ST-Shapes

WT-, MT-, and ST-Shapes

Torsional Properties

Torsional Properties

Shape

Shape
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WT-, MT-, and ST-Shapes
Torsional Properties
Shape
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Single Angles

Single Angles

Torsional Properties

Torsional Properties

Shape

Shape
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Single Angles
Torsional Properties

Shape
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Square HSS
Shape

Square HSS
Shape

Rectangular HSS
Shape
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Rectangular HSS

Rectangular HSS

Rectangular HSS

Shape

Shape

Shape
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Steel Pipe

Rectangular HSS
Nominal
Shape

Diameter
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Z-shapes

Torsional Properties

Statical Moments

Shape
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Appendix B
CASE CHARTS OF TORSIONAL FUNCTIONS
Determine the case based upon the end conditions and type
of loading. For the given cross-section and span length, compute the value of
using in inches and a as given in
Appendix A. With this value, enter the appropriate chart from
the loading. At the desired location along the horizontal scale,
read vertically upward to the appropriate
curve and read
from the vertical scale the value of the torsional function. (For
values of
between curves, use linear interpolation.) This
value should then be divided by the factor indicated by the
group of terms shown in the labels on the curves to obtain the
value of
This result may then be used in
Equation 4.1, 4.2, or 4.3 to determine

On some of the Case Charts, the applied torsional moment
is indicated by a vector notation using a line with two arrowheads. This notation indicates the "right-hand rule," wherein
the thumb of the right hand is extended and pointed in the
direction of the vector, and the remaining fingers of the right
hand curve in the direction of the moment.
In Figures 4.2 and 4.3, the positive direction of the stresses
is shown for channels and Z-shapes oriented such that the top
flange extended to the left when viewed toward the left end
of the member. For the reverse orientation of these members
with the applied torque remaining in a counterclockwise
direction, the following applies:

Sign Convention
In all cases, the torsional moment
is shown acting in a
counter-clockwise direction when viewed toward the left end
of the member. This is considered to be a positive moment in
this book. Thus, if the applied torsional moment is in the
opposite direction, it should be assigned a negative value for
computational purposes. A positive stress or rotation computed with the equations and torsional constants of this book
acts in the direction shown in the cross-sectional views shown
in Figures 4.1, 4.2, and 4.3. A negative value indicates the
direction is opposite to that shown.

the positive direction of the stresses in the flanges is
the same as shown in Figures 4.2b and 4.3b. For
example, at the top edge of the top flange, a positive
stress acts from left to right. A positive stress at the
left edge of the web acts downward; a positive stress
at the right edge of the web acts upward.
the positive direction of the stresses at the corresponding points on the reversed section are opposite those
shown in Figures 4.2d and 4.3d. For example, a
positive stress at the tips of the flanges, point o, is a
tensile stress.
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Concentrated torque at

Pinned

Pinned

Case 3
Pinned

Pinned
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α = 0.1 on member with
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pinned ends.

Concentrated torque at
α = 0.1 on member with
pinned ends.
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Case3
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Pinned

Case3
Pinned

Pinned

Concentrated torque at
α = 0.1 on member with
pinned ends.

Concentrated torque at
α = 0.1 on member with
pinned ends.
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Appendix C
SUPPORTING INFORMATION
C.1 General Equations for and its Derivatives
Following are general equations for for a constant torsional
moment, uniformly distributed torsional moment, and linearly varying torsional moment. They are developed from
Equation 2.4 in Section 2.2.

(C.6)
or
(C.7)

C.1.1 Constant Torsional Moment

Differentiating Equation 2.4 and substituting the above
yields:

For a constant torsional moment T along a portion of the
member as illustrated in Figure C.1a, the following equation
may be developed:

(C.8)
which may be solved as:

(C.9)

where

z
= distance along Z-axis from left support, in.
A, B, C = constants that are determined from boundary
conditions

C.2. Boundary Conditions
The general equations contain constants that are evaluated for
specific cases by imposing the appropriate boundary conditions. These conditions specify mathematically the physical
restraints at the ends of the member. They are summarized as
follows:

C. 1.2 Uniformly Distributed Torsional Moment

A member subjected to a uniformly distributed torsional
moment t is illustrated in Figure C.lb. For this case, examine
a small segment of the member of length dz. By summation
of torsional moments:
(C.2)

or
(C.3)

Differentiating Equation 2.4 and substituting the above
yields:
(C.4)

which may be solved as:
(C.5)
C.I.3 Linearly Varying Torsional Moment

For a member subjected to a linearly varying torsional moment as illustrated in Figure C.lc, again examine a small
element of the member length dz. Summing the torsional
moments:

Figure C.I.
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Physical
Condition

Torsional End
Condition

No rotation

Fixed or Pinned

C.3.1 General Solution

Mathematical
Condition

Referring to the general cross-section and notation in Figure
C.3, the torsional properties may be expressed as follows:

Cross-section cannot Fixed end
warp

(C.13)

Cross-section can
warp freely

(C.14)

Pinned or Free

where

Additionally, the following conditions must be satisfied at a
support over which the member is continuous or at a point of
applied torsional moment:

(C.15)

(C.10)
(C.16)

(C.11)

(C.12)

(C.17)

In all solutions in Appendix C, ideal end conditions have been
assumed, i.e., free, fixed, or pinned. Where these conditions
do not apply, a more advanced analysis may be necessary.
A torsionally fixed end (full warping restraint) is more
difficult to achieve than a flexurally fixed end. If the span is
one of several for a continuous beam, with each span similarly
loaded, there is inherent fixity for flexure and flange warping.
If however, the beam is an isolated span, Ojalvo (1975)

(C.18)

C.3.2 Torsional Constant J for Open Cross-Sections
The following equations for J provide a more accurate value
than the simple approximation given previously. For I-shapes
with parallel-sided flanges as illustrated in Figure C.4a:

demonstrated that a closed box made up of several plates or
a channel, as illustrated in Figure C.2, would approximate a
torsionally fixed end. Simply welding to an end-plate or
column flange may not provide sufficient restraint.
C.3. Evaluation of Torsional Properties
Following are the general solutions for the torsional properties given in Chapter 3 and more accurate equations for the
torsional constant J for I-shapes, channels, and Z-shapes.

Figure C.2.

Figure C.3.
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(C.19)
where

(C.29)

(C.20)

For flange slopes other than
percent, the value of may
be found by linear interpolation between as given above
and
as given below for parallel-sided flanges:

(C.21)

(C.30)

For I-shapes with sloping-sided flanges as illustrated in Figure C.4b:

(C.31)
(C.32)
(C.33)

(C.22)
where for I-shapes with flange slopes of

percent only:
(C.34)
For Z-shapes with parallel-sided flanges as illustrated in
Figure C.4d:
(C.23)

(C.35)

For flange slopes other than
percent, the value of may
be found by linear interpolation between and as given
above for parallel-sided flanges:

(C.24)

(C.25)

(C.26)

(C.27)
For channels as illustrated in Figure C.4c:

(C.28)
where for channels with flange slopes of

percent only:

Figure C.4.
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where

(C.37)

C.4 Solutions to Differential Equations for Cases in
Appendix B
Following are the solutions of the differential equations using
the proper boundary conditions. Take derivatives of to find
(C.36)
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where:

where:
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where:
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NOMENCLATURE
A

2

Vs variable in Equation C.32 or C.39, in.
Wns normalized warping function at point s on cross-section, in.2
a torsional constant as defined in Equation 3.6
b width of cross-sectional element, in.
b' variable in Equation 3.21 or 3.30, in.
bf flange width, in.
dT incremental torque corresponding to incremental
length dz, kip-in.
dz incremental length along Z-axis, in.
e eccentricity, in.
e0 horizontal distance from outside of web of channel to
shear center, in.
fa axial stress under service load, ksi
fn total normal stress due to torsion and all other causes,
ksi
fv total shear stress due to torsion and all other causes,
ksi
h depth center-to-center of flanges for I-, C-, and Zshaped members, in.
depth minus half flange thickness for structural tee,
in.
leg width minus half leg thickness for single angles,
in.
k
torsional stiffness from Equation 2.1
l span length, in.
m thickness of sloping flange at beam Centerline (see
Figure C.4b), in.
s subscript relative to point 0, 1, 2,... on cross-section
t
distributed torque, kip-in, per in.; also, thickness of
cross-sectional element, in.
tf
flange thickness, in.
tw web thickness, in.
tl thickness of sloping flange at toe (see Figure C.4b),
in.
t2 thickness of sloping flange, ignoring fillet, at face of
web (see Figure C.4b), in.
u subscript denoting factored loads (LRFD); also, variable in Equation 3.22 or 3.31, in.
u' variable in Equation 3.32, in.
x subscript relating to strong axis
y subscript relating to weak axis
z
distance along Z-axis of member from left support, in.
angle of rotation, radians
first derivative of with respect to z
second derivative of with respect to z
third derivative of with respect to z

area, in. ; also, constant determined from boundary
conditions (see Equations C.1, C.5, C.9, and C.14)
B constant determined from boundary conditions (see
Equations C.1, C.5, C.9, and C.14)
C constant determined from boundary conditions (see
Equations C.1, C.5, C.9, and C.14)
Cw warping constant of cross-section, in.6
D1 variable in Equation C.26, in.
D2 variable in Equation C.29, in.
D3 variable in Equation C.42, in.
D4 variable in Equation C.36, in.
E modulus of elasticity of steel, 29,000 ksi
E0 horizontal distance from Centerline of channel web to
shear center, in.
F variable in Equation C.30, in.
Fa allowable axial stress (ASD), ksi
Fb allowable bending stress (ASD), ksi
Fe' Euler stress divided by factor of safety (see ASD
Specification Section H1), ksi
Fv allowable shear stress (ASD), ksi
Fy yield strength of steel, ksi
Fcr critical buckling stress, ksi
G shear modulus of elasticity of steel, 11,200 ksi
H variable in Equation 3.37
4
I moment of inertia, in.
J torsional constant of cross-section, in.4
M bending moment, kip-in.
P concentrated force, kips
Q statical moment about the neutral axis of the entire
cross-section of the cross-sectional area between the
free edges of the cross-section and a plane cutting the
cross-section across the minimum thickness at the
point under examination, in.3
Qf value of Q for a point in the flange directly above the
vertical edge of the web, in.3
Qs value of Q for a point at mid-depth of the cross-section, in.3
R fillet radius, in.
3
S elastic section modulus, in. ; also, variable used in
calculation of torsional properties (see Equation 3.31
or C.38)
Sws warping statical moment at point s on cross-section,
in.4
T applied concentrated torsional moment, kip-in.
Tt resisting moment due to pure torsion, kip-in.
Tw resisting moment due to warping torsion, kip-in.
V shear, kips
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perpendicular distance to tangent line from centroid
(see Figure C.3), in.
perpendicular distance to tangent line from shear center (see Figure C.3), in.
normal stress due to axial load, ksi
normal stress due to bending, ksi
normal stress at point s due to warping torsion, ksi
shear stress, ksi
shear stress at element edge due to pure torsion, ksi
shear stress at point s due to warping torsion, ksi

fourth derivative of with respect to z
distance from support to point of applied torsional
moment or to end of uniformly distributed torsional
load over a portion of span, divided by span length l
variable in Equation C.19, in.
variable in Equation C.22, in.
variable in Equation C.35, in.
variable in Equation C.28, in.
variable in Equation C.30, in.
0.90, resistance factor for yielding (LRFD)
0.85, resistance factor for buckling (LRFD)
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